Abstract
The Hausdorff-Young inequality confirms the continuity of the Fourier transform 
is a continuous bounded function with
Moreover, if f is an L 2 (R d ) function then so isf that now satisfies the Plancherel's identity
Riesz-Thorin interpolation [3] between (1) and (2) gives the Hausdorff-young inequality
for all p, q such that
Suppose Ω is a Lebesgue measurable bounded subset of R d . First we consider the boundedness of F :
. So we expect a range of admissible exponents larger than the range (4) of the Hausdorff-Young inequality. We find the optimal such range.
Second
The classical assertion that (3) need not hold outside the range (4) then shows that the integrability issues of |F f | q appear near infinity. We provide concrete counterexamples that show the unboundedness of F :
outside the range (4) for arbitrarily large N. To our best knowledge, the sharpness of the range (4) for (3) is handled in the literature by a scaling argument that imposes the necessary condition 1/p + 1/q = 1, while the restriction 1 ≤ p ≤ 2 is inferred by proving that F f can be a distribution that is not a function for f ∈ L p (R d ) with 2 < p ≤ ∞ (see e.g. [1] ). Our counterexamples are concrete L p functions that have L p Fourier transforms. They take advantage of the uncertainty principle to forbid the inequality (3) with any constant independent of f where F f L q is taken over arbitrarily high frequencies. The idea is to increase accordingly the frequency in the oscillatory input functions.
Bounded frequency domain
Proof. The Hausdorff-Young inequality (3) asserts
But Hölder's inequality implies
whenever q ≥ q. Using (6) in (5) yields the estimate
when 1
It remains to prove that (7) is false with any constant independent of f outside the range (8).
Let B(1) be the unit ball and let 0 < λ < 1. Suppose f is a Schwartz function and define
We also have
Therefore, rescaling ξ/λ → ξ, we find
Assume (7) holds. Then f λ must satisfy it with a constant independent of λ, and by (9) together with (10) we should get
The latter estimate is a contradiction unless
What is left then is the region 1/p + 1/q ≥ 1, 2 < p ≤ ∞.
is well defined and has the oscillatory integral representation
with the phase
then ξ → ψ N (ξ; x) has a unique nondegenerate critical point at ξ = x/N that lies inside the spherical shell B( ) when x ∈ S := {N/4 < |x| ≤ 3N /4}. Thus f has the stationary phase asymptotic (see [5] )
And since
which blows up when N → +∞ unless 1 ≤ p ≤ 2.
The region on and inside the dark right trapezoid represents the optimal range for the estimate
) .
Unboundedness in high frequencies
Theorem 2. Let Ω be any bounded measurable subset of
fails outside the admissibility range (4) of the Hausdorff-Young inequality.
Proof. Losing no generality, assume Ω ⊂ B(N) for some N > 1. The following counterexamples prove Theorem 2:
Hence we get
This proves the restriction 1/p + 1/q ≤ 1.
Then, for the frequencies
And since T ⊂ Ω c and |T
which yields the restriction 1/p + 1/q ≥ 1. Counterexample 4. Let
Proceeding with the stationary phase method as in Counterexample 1 gives
Observe that, when 3N 2 < |ξ| < 4N 2 , the only (nondegenerate) critical point x = ξ/N 2 of x → ψ N 2 (x; ξ) lives in {3 < |x| < 4}, away from the boundary of {2 < |x| < 5}. So we obtain
which imposes the necessary condition 2 ≤ q ≤ ∞ for the estimate (11). Remark 1. Note in Counterexamples 2 through 4 that we can concentrate the highest contribution of F f at very high frequencies, as far from suppf ∪Ω as we wish, by increasing the frequency in the input f .
Counterexample 5. Another counterexample that forces the restriction q ≥ p, and consequently could replace Counterexample 4, is f (x) = e˙ı 2 |x| 2 χ {2N <|x|<5N } (x).
Rescaling x/N → x we may write
Again, the stationary phase technique gives |F f | 1 in the spherical shell {3N < |ξ| < 4N}, hence the estimate 
